
Math 4650-InfiniteSeries



De: Suppose we have series (anl=

and we want to make an Infiniteseries

out of it.

Wedefinetheinsusa b
fur R,

1 .

That is,

5
,
= a ,

Sz = a ,
+ az

Sy = a
,

+ az + as

Sy = a , + az + as + a4

and so on.

If lim Sin
exists and equals Ly then

k+ x

We say
that the series an erges

and that an
Iflim Si does not exist then we say

key an diverges
-

that

-

Note
:

Theseriesstartatthenursea
-

n = 3



In that case just the starting point of Sk .

For example
,

for above we could do

-
Let's calculate some partial sums .

Sm = l + z + 2 + ...+ k, 0

- It seems

g Su = I that

- k+x

1 + z + y = 1 ,
73

R

:

: Gi=
I im Sk= 2

-

100 S100 1 ,
999 ... 9911139 ...

-

thirty 9's



We will see why this is true,

but we will look at r
n = 0

We will need this result about sequences.

-

Threem:

=
#roo: How t



# (Geometric series)

We are interested in the series

& m = 1 + r + r + r + ...

n = 0

Note that

Sx(l -r) = (1+ + ri ... + rk))) - r)

K

=
I tr + +2 +... + Tk+ 1

- r - r - ...

- rt - p

k + 1

= 1 - r

Thus,

Sp=
Thus

,

if 10k) then
k+ 1

lim==
= = F

1 - r

k + +

Therefore ,
if Irk) ,

then

=



Ex= 2

=,Irk

EX: Consider the series

n= ++ + y + T + ...

~

--

We can use partial fractions to ge
t - #

n(n+ 1)

1 = A(n+ 1) + Br

=-t J
n = - 1 : 1 = A(0) + B(-1)
-

B = - 1

Thus , Bla
=

and

s = + - E = 1 - z

Sc = ( + -) + (t-) = 1 -3

3 = ( + -7) + (-7) + ( - 7) = 1 - 4

In general for R3, 1 we get



Si = 1-

Thus,

lim Sk = 1 -0 = 1

17+ M

Therefore,

=
This series is called a "telescoping series"

because of how the terms cancel

each other out in the partial suns.



#ecrem : (Divergence Test)

If I an converges ,
then liman

= .

[Thrs, itim anto,
then an diverges

-

oof:

suppose an converges
to L

Than limsk = L -

k+ D

since

an= (a,
tant ... + an) - (a ,

+ act ... + an -
1)

= Sn-Sn-1

We get that

lim an = lim Se-linse
=

n+ 1 #
n+ 0

-
Ex=

diverges
because

lim=o
n+1 = 1 + 0



Ex: The monicseries is the series

&
,

+ = 1 + + + + + y + 5 + 5 + ...

Note that lim in = 0 .

n+

So we can't use the divergence
test .

However ,
it turns out that this series will diverse.

Let's consider the partial sums

Sk = + + t + + + ...
+ th

In order for lim si to exist we would need

k+ x

that (si) is a Carchy sequence.

We will show this is not the case.

If my n,
then

Sm - Se = (+ + k + ... + H - ( + + z + -
- . + m)

=m + n2
+... + m

< m + m +... + t

m
- n

=

= 1 - Em



In particular ,
if m = 2n and n 3 then

San-Sn = 1 - >

This implies that (Skl ,

is not Carchy.

Why ?

If (Si) was carchy than there would

exist N, 3 where if m,
n N,

then

Ism-snk
But picking

na,
Na, 3 and m = 2n >, N

wa get
Ism-sel = Isan-Sek E

,
(si) diverges

and so does



EX: (p-series (

&to converges
it ps1 .

Fe: Since the terms of the series are all

positive ,
the partial sums (sil form a

monotonically increasing sequence.
is ?

This ,
it suffices to prove that there why

of (Si) that S Exercise

Some subsequence bound
-

bounded and this bound will

I

· Il &wi

all the terms of(sal which
the

prove that (SK) converges by

convergence
theorem.

monotone

Set k
,
= 2- 1 = 1.

Then ,
Su = S

,
= tot .

Set kz = 2 1 = 3.

Then,

San= S = to h+St + (0 + =)
I

⑭
=+=



Set kz = 2- 1 = 7.

Then,

Sky = Sz = fo + ((p+5) + ( +o
+ 5 + jo + =)

- I +++++ T

= It+ Ho-

= It + (5)

In general , it kj = 25-1 and
=es then

0 (Sk > 1+ +(+... + (2)
- 1

= 1 + r + r +.. . + - .. + 55
- 1

=
ri

1 - r

Fr
Thus,

we have a
bounded subsequence (Ski

As described above we get thatt converges.

-
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.

2020564...tant# i
can be show t is

2
n = 1

1.
0369278

=
& ins = Is
n= 1

~= where Bak is the 2k-th

2 Bernoulli number

n= 1

haseare values of the zeta function Sls)=



Theorem: (Comparison test)
Suppose that Ozand be for all n K

for some fixed K30 .

Then :

D If Ebe converges,
then Ian converges.

② If Ean diverges ,

then be diverges.

-
proof :

-

② is the contrapositive of O
,

so we just

need to prove
D.

suppose
that be converges.

Let (i) be the partial sums of Ebe and

(Ar) be the partial sums of Ear.

SinceEbe Converges we know that (Si)

Converges ,
so it's a Carchy sequence.

Let 270 .

Then there exists NCK where if

mc,
n >, N ,

then ISm-sn/E .

Therefore if m n >, N
,

then



Itm-An) = (a+ act ... + am-9 ,-Az ... an

= (an+
+ an+ 2

+... + am

= Anti Antzt ... t Am

↓ but it butz + ... bm

=Ibn+ 1
+ bn + 2 + .. . + bm

=/ bitbet ... + bm -b
,
- by ...

- but

= ISm-Sn)

[

Thus
,

(Ax) is a Carchy sequence.

(Ak)
converges

and so
does Eavity,

Ex: (p-series
Suppose OCP > 1

.

B

If nEIN ,
then nXn

So
,

if new ,
then -o

Thus
,

since t diverges, by the comparison
n= 1

test we knowto diverges .



Ex: Since OSn the for all ne

andi converges ,
by the comparison

test we get thatte
converges

-



rem: (Alternating series test

LetCan) be a monotonically decreasing

with lim an = 0.

Sequence of positive real numbers
n+R

Then
,

the alternating series

&(a = -Gatas-a A

-bethepansaSu

Since (an) is monotonically decreasing

we know that an-an >0 for all nsl .

Since

Su= (a ,

- an) + (ay - ay) +... + (a2x - 1

- amx)

a
monotonically

we get that (Surlic ,

is

increasing sequence .

Also,

Su = a
,

- (az- as) - (an- as) ...

- (ank-2 - an -1) - 92

= a
,



Thus
,

since (Surlie ,
is monotonically

increasing and bounded from above,

by the monotone convergence theorem

lim Sak = L for some
LEIR

.

k+ 1

We now
show that lims = L.

k +x

Let ET0

Since lim Sh there exists NKO where

k+x

if n > N ,
then ISce-2/ >

Since lim ap = 0,
there exists N230

where

k+x

if n3N2 then lasml-1ami0K *

If n> max &N ,
Nab then

I Santi-L) = /Santaan-
-(San-2) + (aan +

1)

< E + E = E .

Thus
,

for M max &N is
Nad we get both

Isan-LkE and Isana-L1 <



this implies that ISK-2/<E for

all mc
, 2 maxEN,

N2Y.

So
, (Silk= ,

converges
to 1

#
n + 1n

Ex: Since limi = 0 and of
that

n+ x

for all > 1 we get that the

alternating harmonic series

&-

Converges .

-


